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B = Fy, cost coswt + Fy,sinf coswt
+ F,, cost sinwf + Fy, sinf sinwf + . . . (5)
=Ay cos(l + wlt + Ay sin(1 + w)kt
+ Ay, cos(l —w)t + Ay sin(l —w)t + . . .
Equating the coefficients of the 4 harmonics we have
Fic:A1c+A2ca Fls:A1s+A23
(6)
FZc:Als_AZS’ FZS:AZC_A1C
In order to obtain the tilting response in the form of Egs.
(2) and (3) we merely have to determine from the mea-
sured flapping response S(t) the 4 Fourier coefficients for
the harmonics 1 + w and 1 — « and then use Eq. (6). The
base frequency for the Fourier analysis of the response
B(t) must be selected such that both 1 + @ and 1 — w are
integer multiples of this base frequency.
In an air frame fixed reference system and using again

complex notation we have from Eq. (1) the cyclic pitch
excitation

6, = —1il6| exp(—iwt) forward

011 =16l eXp(-—iwt) left } control (7)

and from Eqgs. (2) and (3) the tilting response

By = (Fy, + iFy,) exp(~iwt) forward | ... (8)
B = (Fys + iFy.) exp(—iwt) left
For unit cyclic pitch, |8] = 1, the response amplitudes
are
18, = (F; .2+ F, /2 ©)
Byl = (Fid + Fp )2

The phase differences between response and input are

I

¥s
bur

angg, ~angs, = ang(Fi, + iFa) + /2] 10
angB;; —angé,, = ang(Fy, + iF,,)

Examples of the measured and computed tilting response
amplitudes according to Eq. (9) are shown in Figs. 2 and
3.

The preceding method of separating the cyclic control
response from the trim response does not work for w = 0
so that for steady control inputs the trim response must
be measured separately and subtracted from the total re-
sponse. Data processing according to the preceding equa-
tions was performed from the magnetic tape records on a
PDP-12 analog-digital converter and computer.

Figs. 2 and 3 show for zero rotor shaft angle, 5° coliec-
tive pitch setting and advance ratios 0 and 0.2, respective-
ly a comparison of analytical (solid lines) and test (dash
lines) amplitudes per unit cyclic pitch input. For w = 0.2,
corresponding to the blade natural frequency, the two
curves intersect indicating the absence of a wake effect.
At other frequencies large systematic deviations in test
response from the analytical response occur, following the
trend of the qualitative model explained before. Reference
6 includes more test conditions and also phase angle plots
from Eq. (8). The data processing method given in Ref. 6
is somewhat different from that given here. The results
are the same.

Conclusions

_ Progressing and regressing rotor flapping modes can be
easily excited with a very simple two-bladed rotor model
with only 3 control bearings. The unsteady wake effects
are largest at zero advance ratio and low collective pitch,
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but they remain significant at higher advance ratios and
collective pitch settings. A more detailed study of the
phenomenon to cover a wider test envelope, ground effects
and direct wake measurements is in progress.
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Conformal Mapping for Potential Flow
about Airfoils with Attached Flap

Vernon J. Rossow*
NASA Ames Research Center, Moffett Field, Calif.

Introduction

A SURPRISINGLY large number and wide variety of con-
formal transformations using complex variables are pre-
sented in the literature for changing one shape into anoth-
er (see Betz,! Kober,2 Nehari3). A number of these trans-
formations have been used to map a known two-dimen-
sional flowfield into a desired one. For example, most
aerodynamicists are familiar with the method developed
by Theodorsen* as an extension of the Joukowski and
Karman-Trefftz transformations which maps the flow
about a circular cylinder into that about a specified air-
foil. Recently, the Karman-Trefftz method for one circular
cylinder/airfoil has been extended by Williams® so that
the flow about two nearby circles can be mapped into the
flow about two lifting airfoils (or about an airfoil with a
detached flap). These exact incompressible potential flow
solutions are not only useful in themselves but they also
serve as reference or check cases for numerical and ap-
proximate methods.

The purpose of this Note is to present a conformal map-
ping sequence that transforms the potential flow about a
circle into that about an airfoil with an attached flap or
spoiler. This method is indirect in that the shape of the
flap must be iterated upon by varying parameters in the
mapping equations until the resulting flap shape approxi-
mates the specified one.

Mapping Sequence

The transformation developed for generating the flap on
the airfoil is illustrated in Fig. 1 as 10 steps from a circle
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Fig. 1 Steps in mapping sequence illustrated for 3,, = +0.5,
o= 0.3, 9,«1 = —3.2, Lfl =0.2.

to the flapped airfoil.+ The mapping equations are shown
beside each figure. The amounts of rotation and transla-
tion given to the circle and arc during the various steps
govern the length of the flap, its curvature, and its loca-
tion on the airfoil. A flap-curvature parameter 8, and a
flap-length parameter L;; are used to govern the mapping
of the original circle into a circular slit (Z,x plane), to ro-
tate and shift the slit (Zs,, plane), and to map the short-
ened arc into a circle with a flap (Z. plane). The mapping
functions used to obtain this figure must be such that the
circular portion is an exact circle of radius R, (Fig. 1f) so
that it can be transformed into an airfoil by Theodorsen’s
method.* Therefore, once the angle that locates the flap in
the circle plane (i.e., O in Fig. 1f) and the parameters G,
and L;; are chosen, the other quantities in the mapping
sequence are determined by the following equations:

Dy, = R, *sing,,; B,, =R, * cosf,
Rrk = Rc/SinBrk; err =2 Brk

6, = 0,,(1 +L;); By, = (R,, - sing,)/2

Dy, = R,(1 —coss,)/2
Boc = tan”™ Dy ,o/Boo) = 6,/2
Roe = Boo/ €08 By,
The amount of rotation in the various planes must be

tThe Clark Y airfoil® was used in all the illustrations because
the coefficients Z1(j) were available from another investigation.
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¢} 2 a 6 8 0 12
XA/C
b}
Fig. 2 Flow about airfoil with attached trailing-edge flap; «
= 0.]., Brk = —0.5, eﬂ = —0.1, Lfl = 0.33, (F/27TU C) = —2.53, CL
= 5.06, C;, = 0. a) Streamlines, b) pressure distribution.

such that the freestream returns to its original direction
in both the circle (or Z;) and in the final (or Zar) planes.
The various angles are then related by

Orr0c= 051 = Byp + Boe + 6, — 0,

where O;10c locates the tip of the flap in the original circle
plane as shown in Fig. 1. The flap-curvature parameter is
limited in that it cannot exceed 90°; i.e., —7/2 < By <
+7 /2. Likewise, the angular segment of the circular arc
slit in Fig. 1c cannot exceed 2r, so

6,/ =7
The flap-length parameter is therefore limited by
0 =L, =[(n/2]8,:])-1]

The quantities used in the transformation of the
flapped circle (Fig. 1f) into the flapped Clark Y airfoil at
angle of attack (Fig. 1j) are: the angle of attack of the air-
foil from zero lift «; the angle of zero lift from the geometric
chord line 8; the Theodorsen coefficients Z7(j), and the
shift of the potato curve as listed below:

B = —0.05906

Z (1) = (—0.07671 + 7 - 1.18942) + 1073
Z p(2) = (+1.22322 — { - 1.25433) - 1073
Z 1(3) = (—0.04961 + 7 + 0.07613) + 1073
Z (4) = (+0.01615 — i + 0.05246) - 107
Zp(5) = (+0.6174 + i + 0.1708) - 10~¢

Z (6) = (—0.5788 + 4 » 0.6464) - 1077

Z,, = —0.019332 + ¢ + 0.020158

The parameters A and « are related to the trailing-edge
angle 7, the nose radius R», and the chord of the airfoil by

k=2—7/7=191487; A = (c —R,/2)/x = 0.26088

It is convenient to relate the various lengths to the chord,
¢, of the airfoil so that they are dimensionless.

Once the flapped circle has been generated, the flap
portion of the figure is carried along without special at-
tention while the circle portion is being mapped into the
desired airfoil at angle of attack. During this process, the
flap or segment of the arc originally dedicated to the flap
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c)

Fig. 3 Streamline pattern about airfoil with three different
flaps generated by transformation. a) leading-edge flap: o =

0.3, 6;—k = +0.5, Gfl = —3.2, .Lfl = 02, (I‘/21chm) = -1.09, CL ="

2.88, CD = 0; b) Spllt ﬂap: o = 0.1, Brk = +1.0, 9;@ = —1.0, Lfl =

0.1, (T'/27¢Us) = —1.0, C;, = 2.0, Cp = 0; c) spoiler flap: o = 0.1,

Bre = —0.4, 04 = 1.94, Ly = 0.06, (I'/27cU=) = —0.492, C; =
0.984, Cp = 0.

is carried along as a vanishingly small slit. Its shape is
modified from circular in the Z,, and Zsx planes to a
nondescript shape in the final airfoil plane. This shape
can differ considerably from the original one in curvature
and length, making it necessary to iterate on the various
flap parameters to arrive at a shape that approximates the
desired one.

The only step in the mapping sequence where special
attention must be given to the signs or roots of the func-
tions is the one shown in Fig. 1e where the square root is
taken. A continuous mapping is obtained if the lower sign
on the square root is used when Zsrx, the point being
transformed, lies within the cross-hatched area between
the horizontal or real axis and the arc as shown in Fig. 1d.
The upper sign is used when the point is elsewhere in the
flow field. This assures the development of both the upper
and lower segments of the circle from the circular arc slit.
In the calculations, it is convenient to let the original cir-
cle be slightly larger than the theoretical value (i.e., in-
crease Ry by 0.0001) to make it possible for the computer
to discern whether a point is on the upper or lower portion
of the circular arc slit.

The velocity components are found in each of the planes
from

d®/AZ 4 = [A®/AZ ,NAZ oo/ AZ 4p) = u —iv
where
®=¢ +ip=U,(Z,, + R,/ Z,) —(T/21) InZ,,

The streamline pattern, pressures, etc., can then be cal-
culated in closed form for the airfoil with its attached flap
after the derivatives dZ,./dZar are found from the map-
ping functions.
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Discussion of Examples

Flow over a Clark Y airfoil with a trailing-edge flap, a
leading-edge flap, a split flap, and a spoiler are shown in
Figs. 2 and 3 to illustrate the kinds of flaps and flowfields
that can be produced by the foregoing technique. The
streamlines shown in these cases were found by mapping
them from the original circle plane using the flapped-air-
foil mapping functions. They could also have been calcu-
lated directly in the final airfoil plane using the velocity
components and stream function in that plane. The circu-
lation for the airfoil with a split flap shown in Fig. 1b was
arbitrarily chosen as a value between that which would
yield smooth flow off the trailing edge and off the end of
the flap because it was not clear how the Kutta condition
should be specified in that case. Also, since the flow about
the spoiler shown in Fig. 3c is a potential solution, it does
not include the separation of the flow and the unsteady
oscillations that usually occur behind the spoiler in a real
flowfield.

As indicated previously, the length and amount of cur-
vature of the flap can be varied over wide limits and the
flap attachment point can be located anywhere on the
surface of the airfoil. The flap can be bent in either direc-
tion but the amount of bending cannot be varied along
the flap in a specifiéd manner. Also, this transformation
forces the flap to intersect the airfoil surface perpendicu-
larly. Although it was not explored, it is felt that an inter-
section at another angle can probably be obtained by use
of an added mapping such as the Schwartz-Christoffel
transformation. Also, the flaps presented here are of van-
ishingly small thickness. A flap with thickness and with a
fillet or fairing at its juncture with the airfoil can be ob-
tained by choosing the radius of the original circle larger
than the theoretical one by 0.01c to 0.1¢, depending on
the thickness desired. However, when this is done the cir-
cular shape in the flapped-circle plane is no longer an
exact circle so that the resulting airfoil differs from the
specified one. Finally, an airfoil with two flaps can also be
generated by shifting and rotating the circular-arc slit so
that the flapped circle is mapped from the center portion
of the arc rather than from one end. This technique will
produce two flaps on the airfoil, only one of which can be
placed arbitrarily because the location of the other one is
automatically determined by the location of the other end
of the arc.

Concluding Remarks

The conformal mapping sequence presented here and
some possible variations that were discussed yield the
exact potential flow about an airfoil with an attached flap
or spoiler. Adequate versatility of flap shape for a given
airfoil can usually be obtained with the indicated func-
tions, although other transformations would expand the
variety of possible flap shapes.
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